Abstract. We study the uniform Roe algebras associated to locally finite groups. We show that for two countable locally finite groups Γ and Λ, the associated uniform Roe algebras C * u (Γ) and C * u (Λ) are * -isomorphic if and only if their K 0 groups are isomorphic as ordered abelian groups with units. This can be seen as a non-separable non-simple analogue of the Glimm-Elliott classification of UHF algebras. To the best of our knowledge, this is the first classification result for a class of non-separable unital C * -algebras. Along the way we also obtain a rigidity result: two countable locally finite groups are bijectively coarsely equivalent if and only if the associated uniform Roe algebras are * -isomorphic.
Introduction
Given a countable discrete group Γ, one can always equip Γ with a proper left-invariant metric d and such metric d is unique up to bijective coarse equivalence (see [25, Lemma 2.1] ). In this way one obtains a canonical metric space structure (Γ, d) on the group. To the metric space (Γ, d) one can associate a C * -algebra C * u (Γ), called the uniform Roe algebra, which encodes many large-scale properties of the group Γ. For instance, C * u (Γ) is nuclear if and only if the metric space (Γ, d) has Yu's property A if and only if the group Γ is exact (see [18, 12] ). For amenability, it is shown in [21] that C * u (Γ) is a properly infinite C * -algebra if and only if Γ is non-amenable (more characterizations of proper infiniteness of uniform Roe algebras will be contained in [1] ; see also [14, Theorem 4.2] ). Another result along the same line is the work of Kellerhals, Monod, and Rørdam on supramenability [13] . They showed that Γ is supramenable if and only if C * u (Γ) contains no properly infinite projection. More recently, Scarparo proved in [22] that the group Γ is locally finite if and only if the uniform Roe algebra C * u (Γ) when it is locally finite-dimensional. In this paper we explicitly compute the K-theory of uniform Roe algebras C * u (Γ) of countable locally finite groups, and show that in fact in this case K-theory is a complete invariant. To the best of our knowledge, this is the first classification result for a class of non-separable unital C * -algebras. Moreover, the K-theory completely encodes geometric information of the underlying metric spaces. The following theorem is the main result of this paper. (1) (Γ, d Γ ) and (Λ, d Λ ) are bijectively coarsely equivalent; (2) there is a * -isomorphism ϕ : C * u (Γ) → C * u (Λ) such that ϕ(ℓ ∞ (Γ)) = ℓ ∞ (Λ); (3) C * u (Γ) and C * u (Λ) are * -isomorphic;
It is already known that (1) and (2) are equivalent for all countable discrete groups (see Remark 4.12) . Note that the implication (3) =⇒ (1) reveals a rigidity phenomenon. More precisely, given a countable locally finite group Γ and any countable discrete group Λ, if we know C * u (Γ) and C * u (Λ) are *-isomorphic, then Λ must be bijectively coarsely equivalent to Γ (in particular, Λ must be locally finite). This type of rigidity result has been studied by Sparkula and Willett in [26] , where they showed, among other things, that the implication (3) =⇒ (1) holds for the class of non-amenable exact countable groups (see Remark 4.13 for more details). Theorem 1.1 provides the same kind of rigidity result for a small class of amenable groups.
In addition to the study of K-theory, we are also interested in C * -algebraic characterizations of locally finite groups in terms of their uniform Roe algebras. It is well-known that for a countable group Γ, the uniform Roe algebra C Corollary 1.3 (Corollary 5.4). Let Γ be a discrete group. Then the following are equivalent:
We should mention that the analogous result stated in Corollary 1.3 does not hold for general metric spaces (see Remark 5.5) .
Let us briefly describe how this piece is organized. In Section 2 we recall some basic definitions and results from coarse geometry, and establish our notations. In particular, we discuss the notion of large-scale connected components, which plays a crucial role in our study later on. In Section 3 we focus on the class of locally finite countable groups and explore the connection between their large-scale geometric properties and group-theoretic properties. In particular, the bijective coarse equivalence class of a countable locally finite group Γ is completely determined by the cardinality of Sylow subgroups of Γ. In Section 4 we compute the K-theory of uniform Roe algebras built from countable locally finite groups and prove our main theorem. This is done by making use of the inductive limit decomposition of the uniform Roe algebra and a detailed study of the connecting maps. The last section is devoted to various equivalent C * -algebraic properties of uniform Roe algebras of (not necessarily countable) locally finite discrete groups.
Preliminaries
In this section we review some basic definitions and constructions from coarse geometry and the associated C * -algebras. Let (X, d X ) and (Y, d Y ) be metric spaces. A map f : X → Y is called bornologous (or uniformly expansive) if for every R > 0 there exists S > 0 such that
We say a map f : X → Y is a bijective coarse equivalence if f is both a coarse equivalence and a bijection. In this case we say X and Y are bijectively coarsely equivalent.
A metric space (X, d) is said to have bounded geometry if for every r > 0, the function x → |B(x, r)| is bounded on X, where B(x, r) = {x ′ ∈ X : d(x, x ′ ) ≤ r} denotes the ball with center x and radius r. A metric space with bounded geometry is necessarily discrete and countable. Definition 2.2. Let (X, d) be a metric space with bounded geometry. An operator T in B(ℓ 2 (X)) is said to have finite propagation if there exists R > 0 such that
be the * -subalgebra of all operators in B(ℓ 2 (X)) with finite propagation. The norm completion of C u [X] in B(ℓ 2 (X)) is called the uniform Roe algebra of (X, d), which is denoted C * u (X). Note that for a metric space (X, d), the uniform Roe algebra C * u (X) contains all compact operators on the Hilbert space ℓ 2 (X). Moreover, it contains ℓ ∞ (X) as diagonal matrices. Therefore, C * u (X) is non-simple and non-separable for every infinite metric space X. It is well-known that the uniform Roe algebra is invariant under bijective coarse equivalence. We state the following proposition and give a proof mainly for the reader's convenience. 
Proof. Let f : X → Y be a bijective coarse equivalence. Then there is a unitary u :
We show that ϕ maps C *
Let T be an operator in B(ℓ 2 (X)) of finite propagation, say T δ
Then it is clear from the above calculation that ϕ(T ) has finite propagation. Since ϕ is an isometry, it actually maps the entire C * u (X) into C * u (Y ). By the same reasoning the map ψ :
It is clear ψ is the inverse of ϕ, and hence ϕ is an isomorphism. Moreover, it is readily seen from the definition that ϕ maps ℓ
Below we recall the notion of large-scale connectedness. This would become important later as it allows us to decompose the uniform Roe algebra of locally finite groups into an inductive limit, which in turn facilitates the computation of the K-theory. Definition 2.4. Let (X, d) be a metric space and R > 0. Two elements x and y in X are called R-connected if there exists a finite sequence x 0 , x 1 , ..., x n in X such that x = x 0 , y = x n , and d(x i , x i+1 ) ≤ R for all i = 0, 1, ..., n − 1. This is easily seen to be an equivalence relation on X, and the equivalence classes are called the R-connected components of X. For convenience we also talk about the 0-connected components of X, which are nothing but the points in X. The next lemma says that a bijective coarse equivalence behaves well in terms of large-scale connected components.
be a bijective coarse equivalence between metric spaces. Let R > 0 and X = i∈I R X R,i be the decomposition of X into R-connected components. Then there exists S > 0 such that each f (X R,i ) is contained in some S-connected component of Y .
Moreover, in this case each S-connected component Y S,j of Y is a disjoint union i∈I R,j f (X R,i ) for some subset I R,j of I R .
Proof. The first statement follows from the definition and the fact that f is bornologous. For the second statement, let y be a point in Y S,j . Since f is surjective, there is a R-connected component X R,i of X such that f (X R,i ) contains y. By the first statement f (X R,i ) is entirely contained in Y S,j . Note that the union is disjoint because f is injective.
In this paper we are mainly interested in spaces (in fact, groups) with zero dimension in the large scale sense. The following definition is slightly non-standard, but is readily seen to be equivalent to the usual one. Definition 2.6. Let (X, d) be a metric space. We say X has asymptotic dimension zero if for every R > 0, there is a uniform bound on the diameters of the R-connected components of X.
Note that when (X, d) has bounded geometry, having asymptotic dimension zero is equivalent to having a uniform bound on the cardinalities of the R-connected components of X.
Locally finite groups and supernatural numbers
Starting this section we will mainly focus on locally finite groups. As we will see, this is precisely the class of groups which have asymptotic dimension zero. Definition 3.1. A group G is called locally finite if every finitely generated subgroup of G is finite.
The following (easy) characterization of local finiteness will become handy later.
Lemma 3.2. Let Γ be a countable group. Then Γ is locally finite if and only if there exists an increasing sequence
Here we list some examples of locally finite groups.
(1) Every finite group is clearly locally finite.
(2) Every infinite direct sum of finite groups, such as N Z/2Z, is locally finite. (3) S ∞ , the direct limit of all finite permutation groups, is locally finite. (4) Q/Z is locally finite.
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Recall that a metric d on a discrete group Γ is called proper if any closed bounded subset of Γ is finite, and d is left-invariant if d(s, t) = d(gs, gt) for all g, s, t in Γ. Every countable discrete group Γ can be equipped with a proper left-invariant metric d in the following way: let {e} =:
It is routine to check that d is a proper left-invariant metric on Γ. 
is a (bijective) coarse equivalence.
As a consequence, there is a unique proper left-invariant metric on Γ up to bijective coarse equivalence.
Now let Γ be a countable locally finite group. By Lemma 3.2 there is an increasing sequence of finite subgroups
As we saw in the previous paragraph, this sequence gives rise to a proper left-invariant metric d on Γ. In this case we have a very simple description of the n-connected components. (1) Γ is locally finite; (2) Γ has asymptotic dimension zero.
Our next goal is to undertand a result of Protasov (see Theorem 3.10). Roughly speaking, the result says that the bijective corase equivalence class of a countable locally finite group Γ is determined by the cardinality of the Sylow subgroups of Γ. This result was originally stated in terms of what is called "ball's structure". The aim here is to rephrase it in our language, and for the reader's convenience we also give a short proof of the theorem. (1) For any prime number p, we have s( N Z/pZ) = p ∞ . (2) Since the cardinality of the permutation group S n of n elements is equal to (n!), we see that
Given any prime number p and natural number k, the subgroup of Q/Z generated by Proof. We may assume that the metric d Γ comes from an increasing sequence {Γ n } ∞ n=0 of finite subgroups such that ∞ n=0 Γ n = Γ, and similarly d Λ comes from an increasing sequence {Λ n } ∞ n=0 of finite subgroups of Λ. Given a finite subgroup F of Γ, there is some n ∈ N such that F is contained in Γ n . Recall that the n-connected components of Γ are exactly the left cosets of Γ n . By Lemma 2.5, f (Γ n ) is contained in an m-connected component of Λ for some m, which is a left coset of Λ m . Moreover this left coset of Λ m is a disjoint union of the images of some left cosets of Γ n . Therefore |Γ n | (and hence |F |) divides |Λ m |. We have seen that the supernatural number s(Γ) is an invariant under bijective coarse equivalence. The next theorem asserts that it is actually a complete invariant. For those who are familiar with the theory of UHF algebras, this result strongly resembles Glimm's classification theorem of UHF algebras. In particular, there are uncountably many bijective coarse equivalence classes of countable locally fintie groups.
Proof. It remains to prove that (2) implies (1). As before we may assume that the metric d Γ comes from an increasing sequence
of subgroups of Γ and similarly d Λ comes from
For convenience we may also assume without losing generality that
We will construct, inductively, maps
• ψ k (y) = y for all k ∈ N and all y ∈ Λ k ; (5) Given any ℓ ≤ k and x 1 , x 2 in Γ k such that x 1 and x 2 belong to the same left coset of Γ ℓ in Γ k , the images ϕ k (x 1 ) and ϕ k (x 2 ) belong to the same left coset of Λ ℓ in Λ k . (6) Given any ℓ ≤ k and y 1 , y 2 in Λ k such that y 1 and y 2 belong to the same left coset of Λ ℓ in Λ k , the images ψ k (y 1 ) and ψ k (y 2 ) belong to the same left coset of Γ ℓ+1 in Γ k+1 . Once these maps are constructed, we define
and similarly ψ : Λ → Γ, ψ(y) := ψ k (y) (y ∈ Λ k ). By (1) and (2) these two maps are well-defined. The map ϕ is bijective because of (3) and (4) (and ψ is precisely the inverse of ϕ), and from (5) and (6) one easily checks that ϕ is a coarse equivalence.
It remains to construct the maps {ϕ k } ∞ k=0 and {ψ k } ∞ k=0 . Define ϕ 0 : Γ 0 → Λ 0 by ϕ 0 (e Γ ) = e Λ and ψ 0 : Λ 0 → Γ 1 by ψ 0 (e Λ ) = e Γ . Now suppose we have constructed the maps ϕ 0 , ϕ 1 , ..., ϕ k−1 and ψ 0 , ψ 1 , ..., ψ k−1 . We need to define ϕ k and ψ k . Since This completes the construction of ϕ k . Now ψ k is defined in a completely analogous way.
Remark 3.11. In contrast to Theorem 3.10, Banakh and Zarichnyi showed in [2, Corollary 8] that all countably infinite locally finite groups are coarsely equivalent.
The K-theory and classification
In this section we prove our main theorem (Theorem 1.1). We begin by computing the K 0 -group of an infinite product of matrix algebras. This result is well-known to experts, and a proof is included only for the reader's convenience.
Proof. For any matrix algebra M n (C) we write Tr for the non-normalized trace on M n (C). Let P n (A) be the set of projections in M n (A) and write As for surjectivity, it suffices to show that the image of Tr * contains ℓ ∞ (N, Z) + . Suppose we are given a sequence
Hence Tr * is surjective.
Note that the previous paragraph also shows that Tr * maps the positive cone K 0 (A) 
. Let us return briefly to general metric spaces. For the following discussion we assume the metric space (X, d) has bounded geometry and asymptotic dimension zero. For each R > 0 let X = i∈I R X R,i be the decomposition of X into R-connected components. Suppose 0 <
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as block-diagonal matrices. Moreover, since X has asymptotic dimension zero, for each R > 0 there is a natural inclusion
(again as block-diagonal matrices) such that the following diagram
commutes for all R ′ > R. Recall that we also talk about the 0-connected components, i.e., the points of X. The corresponding algebra is then i∈I 0 B(ℓ 2 (X 0,i )) ∼ = x∈X C. There are also natural embeddings of x∈X C into i∈I R B(ℓ 2 (X R,i )) and C * u (X) as before. 
where ϕ n := ϕ n,n+1 .
Proof. It suffices to check that the union ∞ n=0 µ n i∈In B(ℓ 2 (X n,i )) contains all operators in C * u (X) of finite propagation. Suppose T is an operator on ℓ 2 (X) which has finite propagation. Then by definition there exists S > 0 such that T δ y , δ x = 0 whenever d(x, y) > S. This implies that T belongs to (the image of) i∈In B(ℓ 2 (X n,i )) for any positive integer n larger than S.
In order to write down the connecting maps more concretely, below we show that every metric space with asymptotic dimension zero is bijectively coarsely equivalent to a subspace of Z ≥0 , which we equip with the standard metric (see Proposition 4.4). Since Z ≥0 has a natural order, this allows us to express the connecting maps in very simple terms (see Proposition 4.5). Lemma 4.3. Let (X, d) be a metric space with bounded geometry which has asymptotic dimension zero. Fix x 0 in X and write X n for the n-connected component of X which contains x 0 . Then for every n ∈ Z ≥0 , there exists a (finite) subset Y n of Z ≥0 and a bijection f n : X n → Y n such that f n (x 0 ) = 0 and f n maps any k-connected component of X n onto a k-connected component of Y n (here k ≤ n).
Moreover, given a bijection f n : X n → Y n as above, one can always choose Y n+1 and f n+1 : X n+1 → Y n+1 in a way that f n+1 ≡ f n on X n and Y n is an n-connected component of
Proof. We prove the lemma by induction on n. Proof. Fix x 0 in X. For each n ∈ Z ≥0 write X n for the n-connected component of X which contains x 0 . Then we have an increasing sequence
Using the previous lemma one inductively constructs a sequence {Y n } of subsets of Z ≥0 and a sequence of bijections {f n : X n → Y n } such that
. By condition (1) the map f is well-defined. Since each f n is a bijection, so is f . It is easy to check, using condition (3) and the fact that X (and Y ) have asymptotic dimension zero, that f is a coarse equivalence. For each n = 0, 1, 2 , ..., define k n = |Γ n | and r n = k n+1 /k n . Then
where
Proof. We saw in Theorem 3.6 that locally finite groups have asymptotic dimension zero. Now the result follows from Proposition 4.4 and Proposition 4.2.
Example 4.6. We consider the case when Γ = N Z/2Z. We can take the squence of finite subgroups {Γ n } to be Γ n = n i=1 Z/2Z. Then k n = |Γ n | = 2 n and r n = k n+1 /k n = 2 for n = 0, 1, 2, .... Then according to the previous proposition,
From Propositionss 4.5 and Proposition 4.1 we see that the ordered
. It is not hard to see that each connecting map ϕ n (n = 0, 1, 2, ...) induces the following map at the level of K 0 -groups:
. By continuity of the K 0 functor, we have
To describe the inductive limit more explicitly, define
is an increasing sequence of subgroups of ℓ ∞ (N, Z) since k n divides k n+1 ).
Proposition 4.7. Let α n and H Γ be as above. Then Proof. First let us recall the standard construction of the inductive limit of ordered abelian groups: given an inductive system {G n , α n } ∞ n=0 of ordered abelian groups, let ν k :
where g is in the k-th position. Define
where π is the quotient map. Then {β k (G k )} k is an incresing sequence of subgroups of
G n , and the unions
form the inductive limit. Observe that when each α n is surjective and α n (G
(as in our case), we have
Apply the discussion above to our case and choose k = 0. It remains to show that ker(β 0 ) is equal to H Γ . This is a straighforward computation (though probably a little confusing in the first glance, as we are dealing with sequences of sequences). Let where the square bracket denotes the equivalence class in
. Now β 0 (m) vanishes if and only if there exists some n ∈ N such that
. From this description it is readily seen that ker(β 0 ) is equal to H Γ . Now we can explicitly write down the ordered K 0 -group of C * u (Γ) for any countable locally finite group Γ. 
and
where 1 is the constant sequence with value 1.
Proof. We only need to keep track of the order unit [1] 0 . the K 0 -class of the unit of
G 0 is given by the constant sequence 1. Now the result follows since the structure map G 0 → G 0 /H Γ for the inductive limit is nothing but the quotient map. [6, Theorem 4] ). In particular, they have isomorphic K 0 groups.
Conversely, if Γ and Λ are not coarsely equivalent, then by Remark 3.11 it must be the case that one is finite and the other is infinite. Let us assume that Λ is finite. Then we have
It is not hard to see that these two groups are not isomorphic. For instance, one can show that ℓ ∞ (N, Z)/H Γ is not singly generated.
Finally, we are ready to give a proof of our main theorem, which provides the first classification result for a class of non-separable unital C * -algebras. that K 0 (C * u (Γ)) = 0 for every non-amenable countable group Γ with asymptotic dimension one. Hence, we cannot expect Theorem 4.11 to hold for general countable groups with asymptotic dimension one. For instance, let us consider the free group F n on n generators and the wreath product group Z 2 ≀ F n , which is also finitely generated. Since they are non-amenable countable groups with asymptotic dimension one, their uniform Roe algebras have trivial K 0 groups. However, they are not coarsely equivalent (or equivalently, they are not quasi-isometric) as being finitely presented is invariant under quasi-isometries [9, Proposition V.4] and Z 2 ≀ F n is not finitely presented (see [3, Theorem 1] It follows from [2, Section 11] that Theorem 4.11 holds for all bounded geometry isometrically homogeneous metric spaces with asymptotic dimension zero. Recall that a metric space X is called isometrically homogeneous if for any two points x, y ∈ X there is a bijective isometry f : X → X such that f (x) = y.
As a side note, it follows from [5, Corollary 6.4] and Proposition 4.4 that there are uncountably many coarsely inequivalent asymptotically 0-dimensional subspaces of Z ≥0 . On the other hand, there are only two coarsely equivalent classes of countable locally finite groups (cf. Remark 3.11).
Structure of uniform Roe algebras of locally finite groups
In this section, we show that the reduced crossed product C * -algebra ℓ ∞ (Γ) ⋊ r Γ is locally finite-dimensional for any (not necessarily countable) locally finite discrete group Γ. Note that the countable case follows from [29, Theorem 8.5] , since a countable group is locally finite if and only if it has asymptotic dimension zero (see Theorem 3.6).
Definition 5.1. A C * -algebra A is called locally finite-dimensional (or local AF ) if for every a 1 , . . . , a n ∈ A and ǫ > 0, there exist a finite-dimensional C * -subalgebra B of A and elements b 1 , . . . , b n ∈ B such that ||a i − b i || < ǫ for i = 1, . . . , n. Proof. Note that ℓ ∞ (Γ) ⋊ r Γ is the inductive limit of ℓ ∞ (Γ) ⋊ r Γ i , where each Γ i is a finitely generated subgroup of Γ. Since Γ is locally finite, it suffices to show that ℓ ∞ (Γ) ⋊ r Λ is a (not necessarily sequential) inductive limit of finite-dimensional C * -algebras for each finite subgroup Λ of Γ.
Toward this end, let Λ be any finite subgroup of Γ and Γ = s∈J Λs be the partition of Γ into right cosets of Λ in Γ. We may identify ℓ ∞ (Γ) with s∈J ℓ ∞ (Λs) as Λ-C * -algebras via the product of the restriction maps. In the following, we show that s∈J ℓ ∞ (Λs) is an inductive limit of finite-dimensional Λ-C * -algebras. Now the proof is essentially an equivariant version of the argument used in [29, Lemma 8.4] . Let FP(J) be the directed set of all finite partitions of J ordered by refinement. More precisely, we write P ≤ Q if and only if Q refines P (i.e., every element of Q is a subset of some element of P). For each P in FP(J), define A P := (f s ) s∈J ∈ s∈J ℓ ∞ (Λs) f s (gs) = f t (gt) for all g ∈ Λ whenever s, t belong to the same member of P .
In other words, A P consists of sequences that are "constant" on each member of the partition P. Since P is a finite partition, each A P is a finite-dimensional subalgebra. Moreover, if Q is a finite partition of J which refines P, then A Q contains A P . Finally, given any element f in s∈J ℓ ∞ (Λs), one can always find a finite partition P of J so that A P almost contains f . We conclude that s∈J ℓ ∞ (Λs) = lim P∈FP(J) A P (as Λ-C * -algebras), where the connecting maps are nothing but inclusions.
Since all connecting maps are injective (or we can use the fact that Λ is finite), we conclude that ℓ ∞ (Γ) ⋊ r Λ = lim P∈FP(J) A P ⋊ r Λ (see e.g. [8, Lemma 2.5]). As each A P ⋊ r Λ is a finitedimensional C * -algebra for every P ∈ FP(J), the proof is complete.
Remark 5.3. By an almost identical proof, we see that ℓ ∞ (X)⋊ r Γ is locally finite-dimensional if Γ is a locally finite discrete group acting on a set X. The only difference is to consider the partition of X = x∈J (Λ.x) into its Λ-orbits instead of right Λ-cosets, where Λ is any finite subgroup of Γ.
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As an easy consequence, we give a summary of equivalent C * -properties of uniform Roe algebras coming from locally finite groups (we refer the reader to [4] (1) =⇒ (3): It follows from the fact that every finite-dimensional C * -algebra has stable rank one. Remark 5.5. Let (X, d) be a metric space with bounded geometry. Wei showed in [27] that quasidiagonality, stable finiteness and finiteness of C * u (X) are all equivalent to X being a "box space" provided that X is infinite. In particualr X can have arbitrarily large asymptotic dimension. On the other hand, Rufus Willett and the first named author showed in [14] that the conditions (1) C * u (X) is AF, (2) C * u (X) is locally finite-dimensional, (3) C * u (X) has stable rank one, and (4) C * u (X) has cancellation are all equivalent to X having asymptotic dimension zero.
